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Introduction
Coupled formulations such as H-A or T-A often offer many
advantages for HTS modeling:
» improved efficiency for nonlinear system resolution,
» reduced number of DOFs,
» increased flexibility,
> easier geometry definition. ..

However, they enter the framework of mixed formulations, thus
requiring to be extremely careful regarding function spaces.

Otherwise, non-physical results must be expected:
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Strong form

» Magnetodynamic (quasistatic) equations
divb =0, curl h =, curl e = —0,b.

» Constitutive relationships

High-temperature superconductors (HTS):

e=p(l|jll)j and b= poh,

i )nfl 0(J 02 04 06 08 1

with the power law p(||j]|) = <”ch” 131/

Ferromagnetic material (FM):

b - /,L(b)h and j — 0 Ho Fori
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Dual formulations
Two classes of formulations with the finite element method:

» h-conform, e.g. ,
> enforces the continuity of the tangential component of A,
» involves e = pj and b = ih,
» with curl 2 = 0 in non-conducting domain ("h-¢’+cuts),

(O(uh) ,h') g + (peurl b curl B'), — (e xn k'), =0.

» b-conform, e.g. | a-formulation |,

> enforces the continuity of the normal component of b,
> involvesj =ceandh = vb, (c =p~ ', v=p"")

(veurla ,curld’), + (0 O ,a') - (h x ng ,a’>Fh =0.

Q

Nonlinear constitutive laws involved in opposite ways = very
different numerical behaviors are expected. .. and observed.
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Best choice for HTS only

Cycles in iterations:

In the | a-formulation |, the diverging slope

associated with j = ge for e — 0 is really
difficult to handle.

= Among the two simple formulations, the is
much more efficient for systems with HTS:

» with an adaptive time-stepping algorithm,
» solved with a Newton-Raphson method.

Dular, J., et al. (2020) TAS 30 8200113.
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Ferromagnetic materials

The nonlinearity is in the magnetic constitutive law.
> the involved law is b = ph.

ol

= Often enters cycles with Newton-Raphson.
OK with fixed point, or N-R with relaxation factors but slow.

> the involved law is h = vb.

]~ .

= Efficiently solved with Newton-Raphson.

The is more appropriate for dealing with the

nonlinearity, whereas for HTS, the is best.
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Coupled materials - | h-a-formulation|

] Use the best formulation in each material\

Decompose the domain €2, for example

into: i P ﬁ
> O = {HTS, Air} _HTS |
» % = {Ferromagnet}

and couple via I'y;, = 0(FM):

(0:(uh) ,h') g, + (pcurl kb, curl h’)Qg + (0 X ngy ’h/>rm =0,

(h xng.,d'). — (veurla , curld’),, =0.

I'm Qa

Dular, J., et al. (2020) TAS 30 8200113.
See also: Brambila R. et al, (2018) TAS 28, 5207511.
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HTS tapes - | t-a-formulation]
To model thin superconducting tapes, two main possibilities:

1. Use the true geometry and the /-formulation  with

one-element across the thickness (quad., prism, hexa.).

2. Perform a thin shell approximation and model the tape as a
t-a-formulation .
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H. Zhang, et al. (2016) SUST 30, no. 2, p. 024005.
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t-a-formulation |

HTS tapes -

Consider an HTS tape T',, of thickness w.

The current density is described by a
current potential ¢:

» such that j = curl ¢,
» gauged by being defined along
the normal of the tape, t =t n,

» with BC related to the total
current I (tt — 1 =1/w).

(veurla ,curla’) - (weurl ¢ ,a’)

r, =0

(woia ,curlt'). +(wpeurlt, curl?). =0.
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Perturbed saddle point problems

h-a-formulation

(0:(uh) k') + (peurl ke, curl B")

(h x nga ,a")

+ (04 X ngy ’h/>rm =0, Vh €H,
=0, Va €A

h
¢

— (veurla ,curla’)

I'm Qa

t-a-formulation

(wpceurlt,curl t'>Fw + (wda ,curl t'>rw =0, YW eT,

(weurlt ,a’>FW — (veurla , curl a')Qa =0, Va €A
These are mixed formulations, perturbed saddle point problems:
a(u,v) +b(v,p) = (f,v), WeYV, or (A BT) (u) B <f)
bu,q) —clp,q) = (8,9), Vg€ 0, B -C/\p g)
= Compatibility conditions to ensure numerical stability.

D. Boffi, F. Brezzi, et al., Mixed FE methods and applications, Springer, 2013.
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Numerical oscillations

If function spaces do not satisfy the compatibility conditions. . .

] h-a-formulation \ First-order functions for & and a:
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Compatibility conditions

A BT u\ (f

B -C/\p) \g/°
The solution is stable, i.e., |lully + [lpllo < C(Ifllv: + ligllo).
if 3o, B, > 0 (strictly) such that

vIAY > a|v||?, W € ker(B) (coercivity of A),
q'Cq > 7|q|l}. Vg € ker(BT) (coercivity of C),
q'By

inf >p>0 (inf-sup condition).

Sup ————
ge(ker(BT) L vev [lgllolv]lv

In our case, the inf-sup condition is the most restrictive.

D. Boffi, F. Brezzi, et al., Mixed FE methods and applications, Springer, 2013.
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Inf-sup test
The inf-sup condition is not easy to check analytically.
= We perform a numerical inf-sup test.
On progressively refined meshes, for given function spaces:
1. Define suitable norms.
2. Extract matrices B, Ny, and Ny, from the FE assembly, with

]I = v"Nvy,
lgllp = 4"Nog-
3. Solve the eigenvalue problem
(BN7'BT) ¢ = ANog.

Lowest non-zero eigenvalue = square of the inf-sup value 3°.
= How does 3’ behave when the mesh is refined?

» It tends to zero = unstable,

> |t is bounded from below = stable.

D. Chapelle, K.-J. Bathe, The inf-sup test, C&S 47, 1993.
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\h-a-formulation | Unstable choices

Linear or quadratic elements for both £ and a = Unstable.
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\h-a-formulation | Stable choices
One way to stabilize the problem:
= Increase the discretization order of one field (k or a).

100

T T 7

T T T TTTT

N quuadr and Alinear
—_— Hlinear and Aquadr
N Hlinear and Alinear

'Hquadr and Aquadr

Inf-sup value 3°
3
T T T TTrT]

10—2 ! I I T R R B | I L
1072 107!

Mesh size 6/W

Increasing the order on the coupling interface only is sufficient.

> [\
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| h-a-formulation | Stabilization

» First-order functions for k and a (|nf sup KO):
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t-a-formulation | - Inf-sup test

Here, the space for t is analogous to H~'/2(I',,) and requires
special care when defining the norm ("mesh-dependent norm”).

T
1072 E
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Mesh size 6/W

Similar conclusions: increase the order of one function space.
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--a-formulation| - Stabilization

Example for a 2D case, current density along the tape:

1 - 7—1inear and Alinear
—_— Tlinear and Aquadr

jz/jc (')

NB: With the choice 794" and A'"ea" Newton-Raphson faces
convergence difficulties.

Same observation than Berrospe, et al., SUST, vol.32, no.6, p.065003 (2019).
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Conclusion and application
Two coupled formulations

» Modeling HTS and FM efficiently = ]h-a-formulation \

» Modeling HTS tapes can be done with a ] t-a-formulation \

Both formulations are mixed = Inf-sup condition.

By enriching one of the two spaces, stability is guaranteed.

Extension to 3D: Bulk magnetization with ]h-a-formulation \ (h-0)
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Life-HTS

Liége university Finite Element models for High-Temperature Superconductors

This project contains model files for modeling systems containing high-temperature superconductors (HTS) with GetDP as a
finite element solver and Gmsh as mesh generator.

Files are available here.

Several finite element formulations are implemented together with various linearization methods and iterative procedures.
Simple models are proposed for practical applications (bulk and tapes HTS, coupling with ferromagnets...)

These models are developed at the University of Liége.

Cylinders model after magnetization.

19/19



